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1 Introduction
The connotation of aizzy norm on a linear space was introduced by Kad{l]. Then after mar other
mathematicians like Felbin [3Chen¢and Mordeson[10] etc, have been takenfanitien of fuzzy normed
spaces.The concept of fuzayner product spa (FIP-spacean be deemed as the generalization of
concept of inner produdpace. Th definition of these spacsas headmost start R.Biswas[8] and after
that according the chronological[i],[5],[9].[2].[7].
Modulate the definition of uzzy inner product spa (FIP-space)has been inseiby M. Goudarzi and
S.M.vaezpour in [6],[12]. Also ing] and [11] given the connotatiaf a fuzzy Hilbert spac (FH-space).
The regulation of the paper is as the follow
Sectiontwo includes several preliminary results. In settitbree we introuce the idea of adjoint fuz:
linear operators, seHdjoint fuzzy linear operators, several theorems, discusses some properties of <
fuzzy operators.

2 Preiminaries

Definition (2.1): [6]

A fuzzy inner product spacé-IP-space) is a triplefX, F,*), whereX is a real vector spac * is a
continuous t-normfF is a fuizzy set o X2 x R satisfying the following conditionfor everyx,y,z € X and
s, 7, t € R
FI-1: F(x,x,0) =0 andF(x,x,t) >0, foreach t>0
FI-2: F(x,x,t) # H(t) forsome te R ifandonlyif x # 0, whereH(t) = {(1) g i Z 8
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FI-3: F(x,y,t) = F(y,x,t)
t
F (x, v, ;) a>0
Fl-4: Foranyx € R, F(ax,y,t) =< H(t) a=0
kl—F(x,y,_—ta) a<0
FI-5: F(x,x,t) *F(y,y,s) < F(x+y,x +y,t+5)
FI-6: supsi,r—¢[F(x,2z,5)* F(y,z,7)] = F(x +y,2,t)
FI-7: F(x,y,.): R - [0,1] is continuous oiR \ {0}
FI-8: lim; o F(x,y,t) =1 .
Definition (2.2): [12]
Let(E, F,*) be a probabilistic inner product space.
1- A sequencéx,} € E is called T — convergestw € E , If foranye >0andA >0, INeZt,
N = N(e,A) Such thatF, _,, _.(€) >1—21 whenevern>N .

2- A linear functional f (x) defined orE is called7; — continuous, ifx, A x impliesf(x,) 5 fw)
for any{x,}, x € E.
Theorem (2.3): [6]

Let(X, F,x) be a FIP — space, wherés a strong t- norm, and for eaahy € X,supf{t € R: F(x,y,t) <
1} < oo. Define(.,.): X XX > R by (x,y) =sup{t e R:F(x,y,t) < 1}. Then(X,(.,.)) is a IP — space
(inner product space), so th&, || ||) is a N- space (Normed space), whiisd| = (x, x)*/?, Vx € X .
Definition (2.4): [6]

Let (X, F,x) be a FIP — space with ,y) = sup{t € R: F(x,y,t) < 1}, Vx,y € X. If X is complete
in the||. || , thenX is called Fuzzy Hilbert — space (FH — space).
Theorem (2.5): [6]

Let (X,F,*) be a FH — space with IRx,y)={t e R: F(x,y,t) <1},Vx,y€X. For x, € X and

1.1 Tr
X, = x thenx, ->x .

. Il
Proof: Since x,, = x . Thenlim,_,.||lx, — x| =0

limy, (X, —%,%, —x) =0
lim,_,sup{t € R*: F(x, —x,x, —x,t) <1} =0 2.7
Hence for anye > 0and 0 < a < 1, we have
sup {t € R*: F(x, — x,x, — x,t) < 1}
=sup{t € [0,€]: F(x,, —x,x, —x,t) < 1} + sup {t € (,0): F(x, — x,x, — x,t) <1} ...(2.2)
> esup{t € (,0): F(x, — x,x, — x,t) < 1}
= e(1—-F(x, —x,X, — X, €)).
From (2.1)and (2.2), there exi${e,a) € Z* , If n > Nthen F(x, —x,x, —x,€) >1—a

Tp
So thatx, = x .

Theorem (2.6): (Risetheorem) [6],[12]

Let(X, F,*) be a FH- space, For afiy — continuous functionall unige y € X such that for alk € X,
we haveg(x) =sup{t e R:F(x,y,t) < 1}.
3 Main Results

This section, we introduce definitions the adjoinzzy linear operator and slef-adjont fuzzy linear
operator in FH-space as well as some elementapepiies of adjoint and self- adjoint fuzzy linegeoators
in FH-space are presented.
Theorem (3.1):

Let (E,G,x)be a FIP-space, whereis a strong t- norm ansup{x € R: G(u,v,x) < 1} < oo for all
u,v € E, thensup{x e R:G(u + v,w,x) < 1} =sup{x € R: G(u,w,x) < 1} + sup{x e R:G(v,w,x) < 1}
Yuuv,w€eeE.
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Proof: By FI-6, for anya > 0
a a
Gu+v,w,uw)+{v,w)+a) =G (u,w, (u, w) +E) * G (U,W, (v, w) +—)

2

=1=%*1

=1.
This means that
sup{fx e R:G(u+v,w,x) <1} < sup{fx e R:G(u,w,x) < 1} +supfx e R:G(v,w,x) < 1} + «a
Sincea arbitrary it implies that
supfx e R:G(u + v,w,x) < 1} < supf{x € R:G(u,w,x) < 1} + sup{x € R:G(v,w, x) < 1} ..(3.1)
On the other hand if we choose

A=1- (1—G(uw(uw)—z))*(l—G(vw(vw)—g))
e ) ) 2 ) ) ) 2
By FI-4 and FI-6 we have :
A=1—G(—uw(uw)—z)*G(—vw(vw)—g)
) ’ ) 2 ) ) ) 2
=>Gu+v,w (u,w)+(v,w)—a)
Since G(u,w,(u,w)—%)<1 , G(v,w,(v,w)—§)<1 and * be a strong t- norm we have

Glu+v,w,{u,w)+{v,w)—a) <1 Y u,v,w € E and this show that
sup{x e R:G(u + v,w,x) < 1} = sup{x € R:G(u,w,x) < 1} +supfx e R:G(v,w,x) <1} ....(3.2)
From (3.1) and (3.2) we get :
sup{fx € R:G(u + v,w,x) < 1} = sup{x € R:G(u,w,x) < 1} + sup{x e R:G(v,w,x) < 1}.
Remark (3.2): Let FB(E) the set of all fuzzy linear operatorsE .
Theorem (3.3): (Adjoint Fuzzy operator in FH- space)
Let (E,G,*) be a FH- space, Late FB(E) be T — continuous linear functional, thehunige S* €
FB(E) suchthat (Su,v) =(u,S*v) V u,v€E.
Proof:
Fix v € E , define E,;:E - R,by E,(u) = (Su,v) V u € E such that
F,(u+w) = F,(w) + F,(w)
E,(au) = aF,(u) V u,v,w €E ,a scalar inR.
Also E, is Jp — continuous. Then by theorem (2.6F unige w, € E such thatF,(u) = sup {x €
R: G(u,v,x) < 1}. Define S*:E - R suchthaf, =w, ,v€E
So (Su,v) =F,(u) =sup{x e R:G(u,S"v,x) < 1}.
S* is linear map: Let,w € E and «, 8 are scalars, then
(w,S*(av + Bw)) = (Su,av + fw) =sup{x e R: G(Su,av + fw) < 1]
By theorem (3.1) and FI-4
(u,S*(av + Bw)) = sup{x € R: G(Su, av,x) < 1} + sup{x € R: G(Su, fw,x) < 1}
= asup{x € R: G(Su,v,x) < 1} + Bsup{x € R: G(Su,w,x) < 1}
a(Su,v) + B{Su,w)
= a(u,S*v) + B{u, S*w).

Uniqueness ofS*: LetS;,S; be two adjoint Fuzzy operators fére FB(E),
(Su,v) = (u, S{v)

(Su,v) = (u, S;v) V uv €E

(u, S{v) = (u, S;v)

supf{x € R: G(u,S;v,x) < 1} =sup{x € R: G(u,S;v,x) < 1}

supfx € R: G(u,S{v—S;v,x) <1} =0

Gu,Sjv—Sv,x) =0 iff Siv—=Sv=0
Si—=S)v=0 VVvEE
Si =S5
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S* is unique .

Definition (3.4):

Let (E, G,*) be a FH- space with IRu,v) = sup{x € R:G(u,v,x) < 1} ,Vu,v € E and let
S € FB(E), then S is self —adjoint Fuzzy operator, § = $* whereS™ is adjoint Fuzzy operator of .
Theorem (3.5):

Let (E, G,*) be a FH- space with IRu,v) = sup{x € R: G(u,v,x) < 1} and letS € FB(E), then
S is self —adjoint Fuzzy operator.
Proof:
SinceE is a real vector space afiv) = sup{x e R: G(u,v,x) <1} <o Vu,veEE,then
(Su,u) is real for allu € E , this mean tha{Su, u) = (Su, u) = (u, Su)
supf{x € R: G(Su,u,x) < 1} = sup{x € R:G(u,Su,x) < 1} = sup{x € R: G(S*u, u, x) < 1}
supfx e R: G(Su—S*u,u,x) <1} =0

=S u =0 VueekE
§=5" = S is self- adjoint Fuzzy operator .
Theorem (3.6):

Let(E, G,*)be a FH- space with IRy, v) = sup{x € R: G(u,v,x) < 1},Vu,v € E and letS* be the
adjoint Fuzzy operator af € FB(E), then :
i. Sy =S
il. (aS)" = aS*
iil. (aS+ BT)* = aS™ + BT* wherea, B are scalars aril € FB(E).
iv. (ST)* =T*S".

Proof:

)] By FI-3 and theorem (3.2)

(Su,v) =(u,S"v)y=sup{x e R: G(u,S*v,x) < 1} =sup{x e R: G(S*v,u,x) < 1}
=(S*v,u)= (v, (SHu)y=sup{x e R: G(v,(S)"u,x) < 1} =supfx e R: G((S*)*u,v,x) < 1}
=(E)'ur) =S - (SHIuv)=0
E-EDu=0 VueE = S=(S§")".

i) By theorem (3.1),(3.2) , FI-3, FI-4 and linearifyaperators, we get:

(aSu,v) =sup{x e R: G(u, (aS)'v,x) < 1} = (u, (aS)*v) ...(3.3)

And

(aSu,v) = sup{x € R: G(aSu,v,x) < 1}
= asup{x € R: G(Su,v,x) < 1}
= a(Su,v) =asup{x e R: G(u,S"v,x) <1}
= a{u,S*v) ...(3.4)

From (3.3) and (3.4) we get:

(u, (aS)v) —a(u,S*v) =0

(u, ((aS)* —aS"Hv)=0 VYV uveEE
(S —aS"Hv =0 V vEE
(aS)* =aS* . ...(3.5)

i) By theorem (3.1),(3.2) , FI-3 and FI-4 we get:
((aS + BTu,v) =sup{x e R: G(u, (aS + BT)*v,x) < 1}

=(u, (aS + pT)*v) ...(3.6)
And

((aS + BT)u,v) = sup{x € R: G((aS + BT)u,v,x) < 1}
=sup{x E R: G(aSu,v,x) < 1}+supfx e R: G(BTu,v,x) < 1}
= (aSu, v) + (fSu, v)
=sup{x ER: G(u, (aS)*v,x) <1} +sup{x e R: G(u, (BT)*v,x) < 1}
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=sup{x e R: G(u, ((aS)"+(BT))v,x) < 1}

= (u, (@S)*+(BT)")v) ..(3.7)
From (3.6) and (3.7) we get:
(u, (aS + BT)"v) — (u, ((aS)"+(BT))v) =0

(W, ((aS + BT)" — ((aS)*"+(BT)H))v) =0 VYVu,v€E
((aS+BT) = ((@S)Y*+(BT) Hv =0 VveE
(aS + BT)* = (aS)*+(BT)" ...(3.8)

From (3.5) and (3.8) we get : (aS+BT) = aS*™+ pT".
iv) By theorem (3.1),(3.2) and FS3 we get:
(STu,v) =sup{x e R: G(u, (ST)*v,x) < 1}

=My 93
(STu,v) = (Tu,S*v) =supfx € R: G(Tu,S*v,x) <1} =sup{x e R: G(u,T*S*v,x) < 1}
=(u,T"S"v) (3.10)

From (3.9) and (3.10) we get:
(u, ST)'v) —(u, T*S*v) =0

(w, ((STY* = (T*S*)v)=0 Vuv €E
(ST = (T*S*)v=0 V vEE
(ST)* = (T*S™). n
Theorem(3.7):

Let(E, G,*)be a FH- space with IR, v) = sup{x € R: G(u,v,x) < 1},Vu,v € E and letS € FB(E)
then, |[Sull = [|S™ul| forall uekE
Proof:

By theorem (3.3) S is self- adjoint Fuzzy operator then S§S* =SS
(S*Su,u) = (SS*u, u) VUueE

supfx E R: G(§*Su,u,x) < 1} =sup{x e R: G(SS*u,u,x) < 1}

supfx € R: G(Su,Su,x) <1} =supfx € R: G(S*u,S*u, x) < 1}

(Su, Su) = (S™u, S*u)

ISull = lIS*ull .

Conclusion

In this work:

1- We attempted to insert feasible definitions of #djoint Fuzzy linear operator and self-adjoint
Fuzzy linear operator in FH- space

2- We attempted to prove some properties of the atdgmid self —adjoint Fuzzy operators in FH-space.
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