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1 Introduction 
     The connotation of a fuzzy norm on a linear space was introduced by Katsaras[
mathematicians like Felbin [3], Cheng
spaces.The concept of fuzzy inner product space
concept of inner product space. The
that according the chronological in [
Modulate the definition of fuzzy inner product space
S.M.vaezpour in [6],[12]. Also in [6
    The regulation of the paper is as the following:
Section two includes several preliminary results. In section three we introd
linear operators, self-adjoint fuzzy linear operators, several theorems, and discusses some properties of such 
fuzzy operators. 
 

2    Preliminaries  
 

Definition (2.1): [6] 
A fuzzy inner product space (FIP

continuous t-norm, � is a fuzzy set on
�, �, � � �. 
FI-1:  ��	, 	, 0� � 0   and ��	, 	, ��
FI-2:  ��	, 	, �� 
 ����   for some   
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uzzy norm on a linear space was introduced by Katsaras[1]. Then after many
Cheng and Mordeson[10] etc, have been taken a definition of 

inner product space (FIP-space) can be deemed as the generalization of the 
space. The definition of these space was headmost start by

[4],[5],[9],[2],[7].  
uzzy inner product space (FIP-space) has been insert 

6] and [11] given the connotation of a fuzzy Hilbert space
The regulation of the paper is as the following: 

two includes several preliminary results. In section three we introduce the idea of adjoint fuzzy 
adjoint fuzzy linear operators, several theorems, and discusses some properties of such 

FIP-space) is a triplet ��, �,��, where �  is a real vector space,
uzzy set on  �� � � satisfying the following conditions for 

� � 0, ��� ����   � � 0 

for some   � � �    if and only if   	 
 0,   where ���� � �1
0
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is a real vector space,  � is a 
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�1       ��   � � 0
0       ��   �  0! 
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FI-3:   ��	, �, �� = �(�, 	, �� 

FI-4:  For any " ∈ ℝ,    �("	, �, �� =
#$
% � &	, �, '()                   " > 0�(��                             " = 0 1 − � &	, �, '+()          " < 0

! 
FI-5:   �(	, 	, �� ∗ �(�, �, �� ≤ �(	 + �, 	 + �, � + �� 
FI-6:  �./0123'4�(	, �, �� ∗ �(�, �, ��5 = �(	 + �, �, �� 
FI-7:  �(	, �, . �: ℝ → 40,15 is continuous on ℝ ∖ :0; 
FI-8:   lim'→1? �(	, �, �� = 1  . 

Definition (2.2): [12]    
   Let(@, �,∗� be a probabilistic inner product space.   
1- A sequence :	A; ∈ @ is called  B – converges to 	 ∈ @  , If  for any  C > 0 and  D > 0, ∃ F ∈ G1 , F = F(C, D� Such that  �HI+H,HI+H(C� > 1 − D    whenever   J > F   . 
2- A linear functional  �(	�  defined on @ is called BM − continuous, if  	A B→ 	  implies �(	A� B→ �(.�   
for any :	A;, 	 ∈ @. 
Theorem (2.3): [6] 
       Let (�, �,∗� be a FIP – space, where ∗ is a strong t- norm, and for each  	, � ∈ �, sup:� ∈ ℝ: �(	, �, �� <1; < ∞. Define R. , . S: � × � → ℝ by R	, �S = sup :� ∈ ℝ: �(	, �, �� < 1;. Then (�, R. , . S� is a IP – space 

(inner product space), so that (�, T. T�  is a N- space (Normed space), where  T	T = R	, 	SU/�, ∀	 ∈ � . 

Definition (2.4): [6] 
       Let (�, �,∗� be a FIP – space with IP R	, �S = sup:� ∈ ℝ: �(	, �, �� < 1;,   ∀ 	, � ∈ �. If � is complete 
in the T. T , then � is called Fuzzy Hilbert – space (FH – space). 

Theorem (2.5): [6] 
      Let (�, �,∗� be a FH – space with IP: R	, �S =:� ∈ ℝ ∶ �(	, �, �� < 1; , ∀ 	, � ∈ �.  For  	A ∈ �  and  

	A T.TYZ 	  then  	A B[→ 	  . 

Proof:   Since  	A T.TYZ 	 . Then  limA→?T	A − 	T = 0  
                                                   limA→?R	A − 	, 	A − 	S = 0 lim A→? sup : � ∈ ℝ1: �(	A − 	, 	A − 	, �� < 1; = 0                                                … (2.1) 
Hence for any  C > 0 and  0 < " < 1 , we have  
 sup :� ∈ ℝ1: �(	A − 	, 	A − 	, �� < 1; 
         = sup:� ∈ 40, C5: �(	A − 	, 	A − 	, �� < 1; +  sup :� ∈ (C, ∞�: �(	A − 	, 	A − 	, �� < 1;   ...(2.2) 
         ≥  C sup :� ∈ (C, ∞�: �(	A − 	, 	A − 	, �� < 1;    
         =  C(1 − �(	A − 	, 	A − 	, C��. 
From (2.1)and (2.2), there exist F(C, "� ∈ G1 , If  J > F then  �(	A − 	, 	A − 	, C� > 1 − " 

So that  	A B[→ 	 . 
 

Theorem (2.6): (Rise theorem) [6],[12] 
      Let (�, �,∗� be a FH- space, For any BM − continuous functional, ∃ .J�]� � ∈ � such that for all 	 ∈ �, 
we have  ̂ (	� = sup :� ∈ ℝ: �(	, �, �� < 1; . 
3    Main Results 
     This section, we introduce definitions the adjoint fuzzy linear operator and slef-adjont fuzzy linear 
operator in FH-space as well as some elementary properties of adjoint and self- adjoint fuzzy linear operators 
in FH-space are presented. 

Theorem   (3.1):  
     Let (@, _,∗�be a FIP-space, where ∗ is a strong t- norm and sup:	 ∈ ℝ: _(., `, 	� < 1; < ∞  for all  ., ` ∈ @, then sup:	 ∈ ℝ: _(. + `, a, 	� < 1; = sup:	 ∈ ℝ: _(., a, 	� < 1; + sup:	 ∈ ℝ: _(`, a, 	� < 1;   ∀ ., `, a ∈ @. 
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Proof: By FI-6, for any  " � 0  

_(. + `, a, R., aS + R`, aS + "� ≥ _ &., a, R., aS + "2) ∗ _ &`, a, R`, aS + "2) 

                                                                              = 1 ∗ 1 
                                                                               = 1 . 
This means that  sup:	 ∈ ℝ: _(. + `, a, 	� < 1; ≤  sup:	 ∈ ℝ: _(., a, 	� < 1; + sup:	 ∈ ℝ: _(`, a, 	� < 1; + " 
Since " arbitrary it implies that                                                                                                                      sup:	 ∈ ℝ: _(. + `, a, 	� < 1; ≤  sup:	 ∈ ℝ: _(., a, 	� < 1; + sup:	 ∈ ℝ: _(`, a, 	� < 1;       …(3.1) 
On the other hand if we choose 

b = 1 − c&1 − _(., a, R., aS − "2�) ∗ &1 − _(`, a, R`, aS − "2�)d 

By FI-4 and FI-6 we have : 

b = 1 − _ &−., a, R., aS − "2) ∗ _(−`, a, R`, aS − "2� 

≥ _(. + `, a, R., aS + R`, aS − "� 

Since   _ &., a, R., aS − (�) < 1  ,   _ &`, a, R`, aS − (�) < 1   and  ∗ be a strong t- norm we have  

_(. + `, a, R., aS + R`, aS − "� < 1         ∀ ., `, a ∈ @   and this show that  sup:	 ∈ ℝ: _(. + `, a, 	� < 1; ≥  sup:	 ∈ ℝ: _(., a, 	� < 1; + sup:	 ∈ ℝ: _(`, a, 	� < 1;     ….(3.2) 
From (3.1) and (3.2) we get : 
 sup:	 ∈ ℝ: _(. + `, a, 	� < 1; =  sup:	 ∈ ℝ: _(., a, 	� < 1; + sup:	 ∈ ℝ: _(`, a, 	� < 1;. 
Remark (3.2):  Let  FB(E) the set of all fuzzy linear operators on @ . 

Theorem (3.3):  (Adjoint Fuzzy operator in FH- space ) 
      Let  (@, _,∗� be a FH- space, Let � ∈ �e(@� be BM − continuous linear functional, then ∃ .J�]�  f∗ ∈�e(@�   such that   Rf., `S = R., f∗`S        ∀  ., ` ∈ @. 

Proof:   
Fix  ̀ ∈ @ , define   �g: @ → ℝ , by  �g(.� = Rf., `S   ∀  . ∈ @  such that 
 �g(. + a� = �g(.� + �g(a� 
 �g(".� = "�g(.�                                    ∀  ., `, a ∈ @    , "  ���h�� in ℝ. 
Also  �g  is  BM − continuous. Then by theorem (2.6),  ∃ .J�]�  ag ∈ @  such that �g(.� = sup :	 ∈ℝ: _(., `, 	� < 1;. Define  f∗: @ → ℝ   such that fg∗ = ag      , ` ∈ @  
So  Rf., `S = �g(.� = sup :	 ∈ ℝ: _(., f∗`, 	� < 1; . f∗  is linear map: Let ̀, a ∈ @ and  " , i are scalars, then 
 R., f∗("` + ia�S = Rf., "` + iaS   = sup:	 ∈ ℝ:     _(f., "` + ia� < 15 
By theorem  (3.1) and FI-4 R., f∗("` + ia�S = sup:	 ∈ ℝ:  _(f., "`, 	� < 1; + sup:	 ∈ ℝ:  _(f., ia, 	� < 1; 
                              = " sup:	 ∈ ℝ:  _(f., `, 	� < 1; + i sup:	 ∈ ℝ:  _(f., a, 	� < 1; 
                              = "Rf., `S + iRf., aS 
                              = "R., f∗`S + iR., f∗aS. 
Uniqueness of  f∗:  Let fU∗ , f�∗ be two adjoint Fuzzy operators for  f ∈ �e(@�, Rf., `S = R., fU∗`S 
    Rf., `S = R., f�∗`S                          ∀  ., ` ∈ @ 
    R., fU∗`S = R., f�∗`S 
    sup:	 ∈ ℝ:  _(., fU∗`, 	� < 1; = sup:	 ∈ ℝ:  _(., f�∗`, 	� < 1; 
    sup:	 ∈ ℝ:  _(., fU∗` − f�∗`, 	� < 1; = 0 
    _(., fU∗` − f�∗`, 	� = 0                  ���                  fU∗` − f�∗` = 0  
    (fU∗ − f�∗�` = 0                           ∀  ` ∈ @ 
     fU∗ = f�∗ 
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     f�  is unique . 

Definition (3.4): 
      Let  �@, _,∗� be a FH- space with IP:  R., `S =  sup :	 ∈ ℝ: _(., `, 	� < 1; , ∀ ., ` ∈ @ and let 
 f ∈ �e(@�, then  f is self –adjoint Fuzzy operator, if  f = f∗ where f∗ is adjoint Fuzzy operator of  f . 

Theorem (3.5): 
       Let  (@, _,∗� be a FH- space with IP:  R., `S =  sup :	 ∈ ℝ ∶ _(., `, 	� < 1; and let  f ∈ �e(@�, then  f is self –adjoint Fuzzy operator. 

Proof: 
Since @ is a real vector space and R., `S = sup:	 ∈ ℝ ∶ _(., `, 	� < 1; < ∞      ∀ ., ` ∈ @ , then Rf., .S is real for all  . ∈ @ , this mean that  Rf., .S = Rf., .Sjjjjjjjjj = R., f.S sup:	 ∈ ℝ: _(f., ., 	� < 1; =  sup:	 ∈ ℝ: _(., f., 	� < 1; = sup:	 ∈ ℝ: _(f∗., ., 	� < 1;   sup:	 ∈ ℝ ∶ _(f. − f∗., ., 	� < 1; = 0 (f − f∗�. = 0                  ∀ . ∈ @ 
 f = f∗                ⟹   f    is  self- adjoint Fuzzy operator . 

Theorem (3.6): 
        Let (@, _,∗�be a FH- space with IP: R., `S = sup:	 ∈ ℝ ∶ _(., `, 	� < 1; , ∀., ` ∈ @  and let f∗ be the 
adjoint Fuzzy operator of � ∈ �e(@�, then : 

i. (f∗�∗ = f 
ii. ("f�∗ = "f∗ 
iii.  ("f + il�∗ = "f∗ + il∗ where ", i are scalars and l ∈ �e(@�. 
iv. (fl�∗ = l∗f∗. 

Proof:  
i) By FI-3 and theorem (3.2) 
 Rf., `S = R., f∗`S = sup:	 ∈ ℝ ∶ _(., f∗`, 	� < 1; = sup:	 ∈ ℝ ∶ _(f∗`, ., 	� < 1; 
             = Rf∗`, .S =  R`, (f∗�∗.S = sup:	 ∈ ℝ ∶ _(`, (f∗�∗., 	� < 1; = sup:	 ∈ ℝ ∶ _((f∗�∗., `, 	� < 1; 
             = R(f∗�∗., `S = R(f − (f∗�∗�., `S = 0 
              (f − (f∗�∗�. = 0      ∀. ∈ @  ⇒   f = (f∗�∗ . 
ii)  By theorem (3.1),(3.2) , FI-3, FI-4 and linearity of operators, we get: R"f., `S = sup:	 ∈ ℝ ∶ _(., ("f�∗`, 	� < 1;  = R., ("f�∗`S                                                   ...(3.3) 
And       R"f., `S = sup:	 ∈ ℝ ∶ _("f., `, 	� < 1; 
              = α sup:	 ∈ ℝ ∶ _(f., `, 	� < 1; 
              = "Rf., `S  = " sup:	 ∈ ℝ ∶ _(., f∗`, 	� < 1; 
              = "R., f∗`S                                                                                                                 …(3.4) 
From (3.3) and (3.4) we get: 
 R., ("f�∗`S − "R., f∗`S = 0 
 R., (("f�∗ − "f∗�`S = 0                          ∀  ., ` ∈ @       (("f�∗ − "f∗�` = 0                                  ∀   ` ∈ @  ("f�∗ = "f∗    .                                                                                                                  …(3.5) 
iii)  By theorem (3.1),(3.2) , FI-3 and FI-4 we get:    R("f + il�., `S = sup:	 ∈ ℝ ∶ _(., ("f + il�∗`, 	� < 1; 
                              = R., ("f + il�∗`S                                                                               …(3.6) 
 And       
  R("f + il�., `S = sup:	 ∈ ℝ ∶ _(("f + il�., `, 	� < 1; 
                              = sup:	 ∈ ℝ ∶ _("f., `, 	� < 1; + sup:	 ∈ ℝ ∶ _(il., `, 	� < 1; 
                              = R"f., `S + Rif., `S 
                                 = sup:	 ∈ ℝ ∶ _(., ("f�∗`, 	� < 1; + sup:	 ∈ ℝ ∶ _(., (il�∗`, 	� < 1; 
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                                 � sup:	 � � ∶ _�., (("f�∗+(il�∗�`, 	� < 1; 
                                  = R., (("f�∗+(il�∗�`S                                                                    …(3.7) 
 From (3.6) and (3.7) we get: 
 R., ("f + il�∗`S − R., (("f�∗+(il�∗�`S = 0 
                                                R., (("f + il�∗ − (("f�∗+(il�∗��`S = 0                   ∀  . , ` ∈ @                  (("f + il�∗ − (("f�∗+(il�∗��` = 0                           ∀  ` ∈  @                     
 ("f + il�∗ = ("f�∗+(il�∗                                                                                         …(3.8) 
 From (3.5) and (3.8) we get :             ("f + il�∗ = "f∗+ il∗. 
iv) By theorem (3.1),(3.2) and FS3 we get: 
 Rfl., `S = sup:	 ∈ ℝ ∶ _(., (fl�∗`, 	� < 1;                        
         = R., (fl�∗`S                                                                                                  ……(3.9) 
 Rfl., `S = Rl., f∗`S = sup:	 ∈ ℝ ∶ _(l., f∗`, 	� < 1;  = sup:	 ∈ ℝ ∶ _(., l∗f∗`, 	� < 1; 
         = R., l∗f∗`S                                                                                                    …..(3.10) 
  From (3.9) and (3.10)  we get:  R., (fl�∗`S − R., l∗f∗`S = 0                      R., ((fl�∗ − (l∗f∗��`S = 0             ∀ ., ` ∈ @ 
 ((fl�∗ − (l∗f∗��` = 0                     ∀   ` ∈ @  (fl�∗ = (l∗f∗�.                                                                                                                            ∎ 

Theorem(3.7): 
      Let (@, _,∗�be a FH- space with IP:R., `S = sup:	 ∈ ℝ ∶ _(., `, 	� < 1; , ∀., ` ∈ @  and let  f ∈ �e(@� 
then,    Tf.T = Tf∗.T           ��� �hh    . ∈ @ 

Proof: 
     By theorem (3.3)  f  is self- adjoint  Fuzzy operator  then  ff∗ = f∗f   Rf∗f., .S = Rff∗., .S              ∀  . ∈ @ sup:	 ∈ ℝ ∶ _(f∗f., ., 	� < 1; = sup:	 ∈ ℝ ∶ _(ff∗., ., 	� < 1; sup:	 ∈ ℝ ∶ _(f., f., 	� < 1; = sup:	 ∈ ℝ ∶ _(f∗., f∗., 	� < 1; Rf., f.S = Rf∗., f∗.S Tf.T = Tf∗.T . 

 Conclusion 
In this work: 
1- We attempted to insert feasible definitions of the adjoint Fuzzy linear operator and self-adjoint 
Fuzzy linear operator in FH- space  
2- We attempted to prove some properties of the adjoint and self –adjoint Fuzzy operators in FH-space. 
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